Accurate variational high-resolution spectra calculations in the range 0-8000 cm −1 are reported for the first time for the monodeutered methane ( 12 CH 3 D). Global calculations were performed by using recent ab initio surfaces for line positions and line intensities derived from the main isotopologue 12 CH 4 . Calculation of excited vibrational levels and high-J rovibrational states is described by using the normal mode Eckart-Watson Hamiltonian combined with irreducible tensor formalism and appropriate numerical procedures for solving the quantum nuclear motion problem. The isotopic H→D substitution is studied in details by means of symmetry and nonlinear normal mode coordinate transformations. Theoretical spectra predictions are given up to J = 25 and compared with the HITRAN 2012 database representing a compilation of line lists derived from analyses of experimental spectra. The results are in very good agreement with available empirical data suggesting that a large number of yet unassigned lines in observed spectra could be identified and modeled using the present approach. © 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION

Methane (
12 CH 4 ) is a very important hydrocarbon in Earth's atmosphere and environmental sciences as it acts as a greenhouse gas. 1 It is also of major importance for the modeling of various planetary atmospheres, e.g., methane is the most abundant hydrocarbon in the atmosphere of Titan, 2 and for other astrophysical applications. [3] [4] [5] [6] [7] [8] [9] Very recently theoretical hot methane line lists up to 2000 K have been constructed. 10 Concerning the monodeutered methane ( 12 CH 3 D) though it has a quite low abundance (∼6 × 10 −4 ), it contributes significantly to the absorption in the so-called 1.58 μm transparency windows 11 in planetary spectra where the opacity due to 12 CH 4 is quite weak. It is also an isotopic tracer and is used to determine the H/D ratios in planetary atmospheres. 12, 13 In spite of the growing number of theoretical predictions [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] for 12 CH 4 from potential energy surfaces (PES) and dipole moment surfaces (DMS), there exist a relatively small number of publications devoted to the modeling of 12 CH 3 D spectra using the global approach. 31, 32 Although one might expect that the current state of the detailed analysis for a given spectral range could reach the same precision as for 12 CH 4 , this is not the case. The reason is that the H→D substitution breaks the symmetry from T d group to C 3v group and consequently some degeneracies of ro-vibrational states are removed making the line-by-line analysis quite different from the major isotopologue. In addition it is the most abundant deutero isotopologues but its spectra appear more complicated and thus more difficult to interpret and analyse than a) Electronic mail: michael.rey@univ-reims.fr that of CD 3 H considered in Refs. 33 and 34 due to strong Fermi resonances between the stretching and bending modes. The highly excited C-H stretching vibrations of CH 3 D and CD 3 H were studied in the frame of the local mode theory. [35] [36] [37] [38] It was thus shown that in the case of CH 3 D the C-H local modes strongly mix with bending normal modes.
Past and current high-resolution line-by-line analyses (in positions and intensities) for 12 CH 3 D are mainly based on empirical effective polyad models using normal mode representations. These models treat all states belonging to a manifold of strongly interacting vibrational levels in a certain energy range simultaneously. [39] [40] [41] [42] [43] [44] [45] Most of the spectroscopic data and assignments up to 5000 cm −1 included in the last edition of the HITRAN database 46, 47 were formed by using such polyad-by-polyad empirical models. Above 5500 cm −1 the new HITRAN compilation was based on spectra analyses 48 and on experimental measurements at cold and room temperature. Most of lines measured in Grenoble university with the laser cavity ring-down (CRDS) method have been compiled in the WKLMC list 49 providing also some empirical lower state energy levels. Line positions in large scale Fourier transform 12 CH 3 D spectra recorded in Zurich ETH (2900-9000 cm −1 ) have been partly analysed by Ulenikov et al., 50 resulting in band center determination of 57 new bands and in correponding lists of assigned transitions. However, no line intensities were reported. CRDS spectra of the C-H stretch fundamental and overtones have been recorded 51 up to 16 600 cm −1 . Recently, over 1360 line intensities in the range 4000-4550 cm −1 were fitted with an effective transition moment model with a RMS of 9% that represents the best available detailed line-by-line analysis. 45 Nevertheless, numerous lines have not been reproduced at the expected accuracy whereas a large number of lines remained unassigned. Moreover, the extrapolated empirical effective models beyond fitted data fail to describe correctly spectra due to numerous interacting vibrational levels and sublevels. As discussed later, the polyad structure of CH 3 D is not well-defined compared to that of methane. Consequently, some vibrational bands and resonance coupling parameters have to be added "by hand" in the model in a pragmatic way. In this context variational calculations based on PES and DMS permit accounting inherently for all possible intra-molecular interactions, including Fermi and Coriolis resonances coupling terms in a wide spectral range. A considerable progress in theoretical predictions of highly excited vibration-rotational states and transitions from ab initio PES and DMS as well as in improvements of computational codes for solving the Schroedinger nuclear motion equation have been recently achieved (see, for example, Refs. 26, 29, and 52-64 and references therein, the list being not exhaustive). This help resolving many issues related to the analysis of experimental spectra, particularly for methane. 65 In this work, we report global predictions of rovibrational spectra and dipole moment intensities for 12 CH 3 D using our recent PES 26 and DMS 66 (hereafter referred to as NRT surfaces) of methane based on extended ab initio calculations. To explicitly account for all symmetry properties, we extend the normal-mode tensor formalism combined with variational calculations as was already used for PH 3 , 12 CH 4 , and 13 CH 4 and permitted obtaining accurate predictions 29, 30, 67 for rovibrational spectra. In order to optimize the cost of variational calculations, we have developed a truncation-reduction technique for the Hamiltonian normal mode expansion and for the basis set compression. On the other hand, we focus on the explicit derivation of formulas for the passage from T d to C 3v species through symmetry considerations and nonlinear coordinate transformations in the laboratory and Eckart molecular fixed frames. Corresponding isotopic relations are thus derived.
II. COORDINATE AND SYMMETRY TRANSFORMATIONS
For this work, we start from analytical expressions for the Hamiltonian and DMS components of the main isotopologue 12 CH 4 and then proceed by axes switching to derive theoretical model adapted to 12 CH 3 D. This is done by means of T d ↔ C 3v transformations. Because of mass-dependent contributions and of the symmetry breakdown, the normalmode/Eckart frame conversion from 12 
will be explicitly considered hereafter. Useful relations corresponding to the steps I and II will be also given.
A. Laboratory and Eckart frames
Definitions and conventions
Let us now summarized the expressions relating the 3N Cartesian coordinates in the body fixed frame (BFF) to those in the laboratory fixed frame (LFF). Let X i (i = 1, 2, . . . , N) denote the position vector of particle i and let ( L 1 , L 2 , L 3 ) denote a right-handed triad of unit vectors defining a LFF. The vector components α are thus defined as X iα = L α .X i , where X i1 ≡ X i , X i2 ≡ Y i , and X i3 ≡ Z i . Similarly, let x i denote the vector position of the body fixed Eckart frame with unit vectors ( f 1 , f 2 , f 3 ). The explicit construction of the Eckart frame, which coincides with principal axes frame at equilibrium, is made by means of the vectors ( F 1 , F 2 , F 3 ) as follows: [68] [69] [70] 
where m i is the mass of the particle i, a iα is the reference configuration relative to the BFF and 
where F is the symmetric Gram matrix with elements F αβ = F α . F β . Here the notation of the type [ y 1 , y 2 , y 3 ] stands for the 3 × 3 matrix whose columns contain the components of the three vectors y i . This frame is located at the center of mass X cm and always satisfies the relation α f α × F α = 0 which reduces to the original conditions given by Eckart 68 when substituting the F vectors by the right-hand side of Eq. (2). Introducing the orthogonal 3 × 3 transformation S −1 relating the space orientation of the LFF to the BFF, we write
where (θ , φ, χ ) are Eulerian angles. In the case where Eckart conditions hold, it has been shown that the matrix C specifying the Eckart frame is a pure rotation matrix which is just the inverse of the familiar direction cosine matrix S containing the Eulerian angles. 72 This means that the Eckart vectors determine the orientation of the Eckart frame and that the direction cosines C satisfy
where C αβ = L α . f β and F is a matrix whose the elements are the F α α of (2); the three eigenvalues of theFF matrix being chosen to be positive. Note that Eq. (5) corresponds to Eq. (3) written in matrix notation. The direction cosines could be conveniently expressed in terms of Euler angles. Now the Eckart frame has been properly defined, let us return to our initial problem. It is worth noting that the standard axis conventions between T d and C 3v are not the same: the rotating frames attached to the molecule are usually defined in a different manner. As specified in the Appendix, in case of C 3v symmetry the quantization axis (Oz) is taken as the C 3 axis (typically Axis definition and atom numbering of a five-atomic system in its equilibrium configuration. For XY 4 molecules, the frame is (x, y, z) for T d symmetry and (x , y , z ) for C 3v symmetry. For XY 3 Z molecules, the frame is (x , y , z ) and is deduced from (x , y , z ) by an overall translation in the −z direction. For methane, H ≡ (1, 2, 3, 4) and for CH 3 the C-D bond for CH 3 D) while for T d symmetry, it coincides with one of the S 4 axes. The axis representation is summarized in Fig. 1 where the frames (x, y, z) and (x , y , z ) are both for methane but stand for the T d and C 3v , respectively. They are linked together through the rotation
and we write
In terms of group theory, the (x, y, z) system spans the F 2 irreducible representation (irrep) of T d while (x , y ) and (z ) span the E and A 1 irreps of C 3v . The total angular momentum J transforms as the F 1 irrep of T d and spans A 2 + E when subducing in C 3v (see Eq. (A1)). The T d − C 3v transformation (6) applies to the body fixed frame and does not depend of vibrational motions. In Fig. 1 , the (x , y , z ) frame is linked to CH 3 D and is defined by a translation t over (Oz ) of (x , y , z ), explicitly expressed by means of geometric considerations as
where r e = 1.08601 Å is the optimized value accounting for our best ab initio estimations, 26 m C = 12, m H = 1.00782503, and m D = 2.0141017779 amu. The passage of Cartesian coordinates from XY 4 to XY 3 Z systems is thus fully determined through R x . As a simple illustration, following the numbering convention of Fig. 1 , the reference configuration a i = (x ie , y ie , z ie ) for XY 4 -type molecules in (x, y, z) transforms in (x , y ,
with c = r e / √ 3 = 0.627.
Symmetry coordinates and normal mode coordinates
In all problems of molecular physics, it is of major importance to choose an adequate set of coordinates allowing the maximum separation of the individual motions. Though the kinetic energy operator of nuclear motions takes a particularly simple form when expressed in the space-fixed Cartesian coordinates, 2T = −¯2 i m
, it is more convenient to introduce a new coordinate system which is suitable for a complete description of the individual types of motions. In the usual treatment of molecular rotations and vibrations, it is thus customary to introduce (3N − 6) internal displacement coordinates R i defined as components of the vector R = (r 1 , r 2 , . . .; θ 1 , θ 2 , . . .) and the three Euler angles (θ , φ, χ ) for the rotational coordinates (see Eq. (4)). Internal coordinates can be expressed in terms of (3N) Cartesian displacements d i = x i − a i . Since the seminal work of Wilson, 73 it is common to treat semirigid nonlinear molecules having a well-defined reference structure by means of (3N − 6) nonredundant, rectilinear mass-weighted normal coordinates Q k ∈ (−∞, +∞). For 5-atomic systems, they are related to d i by a linear transformation which reads [73] [74] [75] [76] 
where α stands for the BFF components. The orthogonality property i l i, k l i, l = δ il allows removing quadratic cross terms from the potential V (Q). The l transformation is obtained by diagonalizing the Hessian matrix of the potential expressed in mass-weighted Cartesian coordinates. The Eckart frame defined above presents the advantage of minimizing the vibration-rotation Coriolis coupling terms for small amplitude vibrational motions and is a quite natural choice when considering normal coordinates. The Eckart conditions are satisfied by choosing
To take full advantage of the symmetry, it is convenient to consider symmetrized normal mode Q ( ) coordinates corresponding to vibrational normal modes near the equilibrium configuration. Methane-type molecules possess nine vibrational degrees of freedom. For CH 4 spherical top, they are divided into four modes, namely, one non-degenerate mode (ν 1 ), one doubly degenerate mode (ν 2 ) and two triply degenerate modes (ν 3 , ν 4 ) labeled using the irreps of T d . For CH 3 D symmetric top, they are divided into six modes, namely, three non-degenerate mode (ν 1 , ν 2 , ν 3 ) and three doubly degenerate modes (ν 4 , ν 5 , ν 6 ) labeled using the irreps of C 3v . A simple way for accounting for the symmetry properties is first to construct curvilinear symmetry-adapted coordinates S ( ) kσ with respect to the molecular point group. They are expressed as a linear combination of the internal coordinates R i . For a given point group G, we denote by U the group symmetry transformation and we thus write
When making isotopic substitutions H→D, the symmetry breaks down and the energy levels are classified according the irreps of a lower order point group G . Using projection operators P R G , it is possible to derive the curvilinear symmetry coordinates adapted to G ⊃ G through a transformation U S as
For XY 4 ( = A 1 , E, F 2 ) and XY 3 Z ( = A 1 , E) molecules, the transformation U S is given explicitly in Eq. (A3). The normal coordinates Q also transform according to the irreps of T d and C 3v and in the rectilinear approximation are related to the symmetry coordinates as
where L is composed of the eigenvectors of the conventional GF matrix of Wilson. 73 We can also derive the l G matrix by removing the six zero frequency normal coordinates associated with translation and rotation. The remaining 3N × (3N − 6)-dimensional matrix adapted to the symmetry is expressed as
where the B matrix relates Cartesian and internal coordinates and M is a diagonal matrix, the mass of the particles being diagonal matrix elements. In vibrational spectroscopy, it is common to define the harmonic frequencies ω k = (λ
, and thus to introduce dimensionless coordinates q
k are the eigenvalues of the GF matrix associated with the k normal modes.
In the rectilinear approximation, the relation between two sets of normal coordinates is quite straightforward to establish using Eqs. (13) (or (A5)) and (A3),
From the transformation (1) we have explicitly:
• For the step I, that is when rotating the frame from 12 CH 4 (T d ) to 12 CH 4 (C 3v ), we simply have
≡ U q where the 9 × 9 matrix U q is given in Eq. (A6). Here the q index in L means that we work with the dimensionless coordinates.
• For the step II, which corresponds to the passage from 12 CH 4 (C 3v ) to 12 
L qC 3v where 
the (E, b) bloc being similar. The harmonic frequencies of different isotopologues are related through A as
where I ω is a diagonal matrix which contains the ω values.
The ω values for 12 CH 3 D was thus derived and are given in Table I . We clearly see from Eq. (16) that the stretching modes ν 1 and ν 2 are strongly mixed due to the heavy C-D bond. Thus the ν 2 band of 12 CH 3 D could be seen as the principal counterpart of the ν 1 band of methane 12 CH 4 with the frequency which goes down by 800 cm −1 , leading to a complex polyad structure. For practical applications, one has to consider true curvilinear coordinates which are nonlinear functions of Cartesian coordinates and consequently of normal coordinates. To this end, the definition of Eq. (13) must be extended and can be written as a power series expansion
with the symmetry condition (
So in the general case, the transformation of rectilinear normal coordinates between two isotopic species is written as
where G is a nonlinear function to be defined. The procedure will be explained in Sec. II B.
B. Nonlinear normal coordinate transformations
Analytical derivatives
Here it is supposed that we work with translationally invariant X i coordinate. The method described above allows to properly transform internal or Cartesian coordinates in normal coordinates in the frame fixed in the body. From Eqs. (4) and (9), we see that the transformation from X i to Q is linear. It may also occur that the transformation from normal to Cartesian coordinates is useful. For example when only potential, dipole moment or other functions in terms of normal mode coordinates are available, a backward transformation to Cartesian coordinates is required in case of isotopic substitutions. To this end, we have to evaluate the Jacobian ∂Q/∂X i with respect to space-fixed nuclear coordinates, to avoid using x i coordinates subject to six constraints. However, it is to be noted that the Jacobian matrix is not constant in that case but is a function 79 of Q. As a direct consequence, such a Q to X i transformation becomes nonlinear. As stated by Sutcliffe 80 "The nonlinearity is a topological consequence of any transformation that allows rotational motion to be separated." We thus need to expand the function Q(X i ) and evaluate the successive derivatives at the reference geometry (Q k = 0). A possible way to do this is to follow Refs. 81-83, using the above considerations. From linear momenta operator transformations, Louck et al. 81 have derived the first derivative, which will serve to compute second, third derivatives and so on. It reads
with the vectors
with the skew-symmetric matrix
As A i is the sum of three 3 × 3 antisymmetric matrices, the link with the Lie algebra of SO (3) (25) and that M corresponds to the Wilson's (I ) −1 matrix, 73 the expression (21) reduces to that given in Refs. 82 and 83. Here, the ξ 's are the Coriolis coupling constants. The first derivatives can be obtained analytically and computed at the equilibrium. We thus write
where
and
Expression for [∂ 2 Q k /∂X iα ∂X jβ ] derivatives could be also derived analytically from the following quantities taken at the reference geometry
with, in case of spherical tops, I 0x = I 0y = I 0z . We can also note that our D's correspond to the L's of Ref. 82 expressed in a quite different form. Moreover, the 3 × 3 matrix i αγ given in Eq. (23) can be related to the matrix β of Crawford 84 used by Watson 79, 85 to derive a general molecular kinetic-energy operator as i = −Cβ. Higher partial derivatives evaluated at the reference geometry are necessary but require tedious calculations and the resulting formulas could be very complicated. In Ref. 82 the analytical derivatives were tabulated up to the third order. Alternatively, we may also use Eqs. (4), (5), and (9) to express normal coordinates in terms of translationally invariant coordinates as
Using Eqs. (68) and (71) 
and in that case, from Eqs. (22) and (25), the first derivative of (31),
reduces to (21) . Though other derivatives could be evaluated in a recursive manner, we shall consider in the next paragraph a numerical method to compute the successive derivatives of the direction cosines. This will allow converting any normal mode operator to a Cartesian form.
Normal mode isotopic transformations
The nonlinear transformation described above is useful because it opens the route to the derivation of anharmonic force fields and more generally to spectroscopic constants for different isotopologues from the reference molecule. 86 In particular this allows to relate two sets of normal mode coordinates and thus to carry an operator having the Watson's form for the reference molecule to its isotopic counterpart. From Eq. (31), we write this transformation as
where the primed quantities stand for some isotopic species. From the ingredients given above, the turning transformatioñ CC now depends on Q and can be represented as a power series expansion in these coordinates. 
where the A s k coefficients are those defined in Eqs. (15)- (17) and
is the nonlinear part of Eq. (20) . The T sp···r k coefficients are determined through the expansion of Eq. (34) . To calculate the power series expansion coefficients, we need evaluating the successive derivatives of C αβ and C α β at the C 3v reference geometry q i = 0. Using Eq. (5), this amounts to calculate derivatives of F −1/2 . Here we employ a numerical procedure to systematically account for derivatives at any orders. The direct way would consist in the computation and differentiation of the eigensolutions of F which is not a trivial task. Here we propose a method for such calculations without computing any eigenvalues/eigenvectors. This procedure can be summarized as follows:
(i) First we compute the inverse matrix H = F −1 which is well-known for a 3×3 matrix.
(ii) Then we compute the power series expansion of U = COS(H 1/2 ) which involves only integer powers of H, recursively computed as
At each step of (ii), we employ the Taylor expansion for each element of the resulting H k matrix in power series of q i .
(iv) Finally, we compute the ARCCOS series of U by the same procedure as in the step (iii).
This procedure is not numerically exact but allows computing derivatives of F −1/2 at a precision ε. For this work, the COS series was recursively computed up to 25th powers while the ARCCOS series was calculated up to 60th powers to reach the accuracy ε = 10 −10 . By this way we are in position to convert an arbitrary normal mode T d operator of methane to its counterpart for C 3v (CH 3 D or CHD 3 ) or C 2v (CH 2 D 2 ) isotopologues. Note that the procedure proposed above is not unique. For instance, to evaluate square root matrices a more rigorous linear algebra mathematical treatment could be considered from the matrix invariants and the spectral decomposition of F. As a simple numerical application, we give the normal mode transformation of the first non degenerate coordinate q 1 from 12 CH 4 (C 3v ) to 12 CH 3 D,
Similar expressions are derived for the other coordinates. The first line of Eq. (37) 
C. Potential expansion
We use our recent NRT methane PES obtained by extensive electronic structure calculations at the CCSD(T)/pCVQZ level of the ab initio theory at 19 882 geometry configurations up to 20 000 cm −1 with subsequent corrections due to pCV5Z radial contributions and with empirical scaling of four quadratic parameters to the fundamental frequencies. 26 Initially, the PES has been constructed as an analytical representation adapted to the T d point group for the main isotopologue 12 CH 4 . We shall convert it here to the C 3v representation. The NRT PES has been built as a combination of the symmetrized powers of the {S
the PES is transformed and re-expressed in terms of {S
is expressed as a linear combination of the Morse-cosines-type functions in the following manner:
where cos(θ e ) = −1/3. Finally, the potential expansion can be written as
where the indices σ and γ stand for components of degenerate vibrations. The component-by-component PES expansion (39) contains 1118 parameters F in the T d representation and 2538 parameters F if C 3v symmetry coordinates are used. The complete set of F parameters is provided in the supplementary material. 87 In order to express the PES as a nonlinear function of rectilinear normal coordinates, we proceed in several steps. First, the symmetry coordinates are written in terms of Cartesian coordinates and then using Eq. (9), we obtain the final relation V (R) → V (Cart) → V (q). The 12 CH 3 D normal mode potential is completely deduced from the main isotopologue and reads
. To test the nonlinear normal to Cartesian coordinate transformation described in Sec. II B, we carried out the transformation V (Cart) → V (q) and then considered a backward transformation V (q) → V (Cart). We have thus checked that this allows obtaining the same Cartesian force constants as the initial ones.
III. ITO NORMAL MODE MODELS FOR
12 CH 3 D
A. Rovibrational Hamiltonian
There exist essentially two ways of deriving the normalmode Hamiltonian for the deutered methane. The traditional method starts from internal coordinates in the mass-independent potential representation to derive transformations using the Wilson GF procedure. The second one is probably less intuitive and direct as it is based on the transformation of the Hamiltonian of the "mother molecules" using the nonlinear relations given above. It may be also useful to make the link between components of one of the subgroups and the irreducible tensor operator (ITO) formalism of the full T d point group. This is helpful for a derivation of symmetry-adapted form of an effective Hamiltonian for methane polyads obtained via the Contact Transformation method using MOL − CT program. 88 Some examples are given in the Appendix.
Hamiltonian model for 12 CH 3 D from internal coordinates
Here we have extended our recent work on pyramidal four-atomics 67 to five-atomic symmetric tops by using the transformations in Secs. II A 2 and II C. We will just recall briefly the methodology which has been already detailed elsewhere. 25 
where 
In Eq. (41), V (q) is the potential function (40) and U W (q) = −1/8 α μ αα (q) is the Watson correction term 77 which has no classical analogue.
As already pointed out, for symmetric and spherical top molecules, it is highly advantageous to exploit the molecular symmetry for block-diagonalizing the Hamiltonian matrices and thus for reducing the cost of computation and memory requirements. To this end, we have introduced efficient truncation-reduction procedures for the Hamiltonian and wavefunctions to make the solutions for quantum mechanical nuclear motions tractable. For a full account of symmetry properties, the ITO formalism initially developed for spherical top effective Hamiltonians turns out to be efficient for our purpose. Computationally speaking, the tensor formalism proposed by Nikitin et al. 89 is very convenient for writing operators at arbitrary order. It has been recently extended to ab initio Hamiltonians and dipole moments normal mode expansions. 90 Here we just recall the main point of the method as the detailed construction of ITOs can be found in Ref. 89 
). For the six-mode coupling scheme, the vibrational operators are then written as (43) where the sets (lm),
, and stand, respectively, for {(l 1 )(l 2 )(l 3 )(l 4 m 4 )(l 5 m 5 )(l 6 m 6 )}, { 4 5 6 }, and { 4 5 45 6 }. In more concise notations, hermitian and anti-hermitian vibrational operators may be constructed as
for diagonal operators with (l m ) = (lm) and = and as
otherwise. Here ε denotes the parity of the operator. The phase factor e iφ depends on the parity and is set to e iφ = i for odd operators (ε = −) and to 1 otherwise (ε = +). Following the coupling scheme introduced by Moret-Bailly 91 and Zhilinskii, 92 the symmetry-adapted rotational operators read
where R (K) k designate rotational spherical tensor operators of degree in J α and of rank K in O (3) . G refers to the orientation matrix. Since the Hamiltonian must be hermitian and invariant under time-reversal, the operators V and R have necessarily the same parity in elementary momentum operators resulting to ε = (−1) .
All the theoretical ingredients for transforming the EWH (41) to its tensorial counterpart in a systematic way have been implemented in our computer code TENSOR. We write this transformation for C 3v molecules as
where the parameters t are determined algebraically from the PES and kinetic energy operator normal mode expansions. The formulation (47) is particularly useful for non-Abelian point groups because the components on degenerate irreps are rearranged into a more compact form. Moreover, all vibrationrotation resonance terms allowed by symmetry selection rules are systematically taken into account for a given order. The key feature of this procedure is that all degeneracies are strictly treated. Due to the symmetry breaking a part of degeneracies is removed, the number of symmetry allowed terms in (47) can be related to the rotational operators (46) in the following manner:
From the nonlinear relation (35), we could also show that each
25 is expressed as a sum of operators V (43), where for a given order the sum will run over all (lm) and (l m ). Accordingly the normal mode tensor formulation could be directly transposed from methane
, (49) where the coefficients C are evaluated numerically from all previous transformations. 29, 30 by transforming the (x, y, z) normal mode components using Eq. (15) . The agreement between observed and ab initio lines was of the same quality as for the major isotopologue 12 CH 4 . To derive the dipole moment components for 12 CH 3 D in normal coordinates and in appropriate axes without fitting any parameters, the procedure is less trivial than in the case of symmetry conserving substitutions and could be also summarized by the scheme of Eq. (1).
B. Transformation of the dipole moment components
• The step I consists in converting in C 3v axes the μ m θ components which were initially adapted to T d axes. According to Eq. (6), the C 3v components transform linearly from the T d ones as
and the C 3v normal coordinates for methane are derived from Eq. (A5). We obtain 2365 and 2428 operators for A 1 and (E, 1) components, respectively, by this purely algebraic transformation without any fit of parameters.
• In the step II, we substitute the nonlinear normal mode coordinate transformation (35) into Eq. (50) to obtain
A form similar to Eq. (50) is thus derived for 12 CH 3 D by symmetry and coordinates transformations only.
To be consistent with our Hamiltonian formulation, we also exploit the C 3v symmetry for the dipole moment operators by means of ITOs. As for Eq. (47), the TENSOR code was used to convert the μ m θ components to the symmetry-adapted ITO form
with = A 1 , E. Our method allows building systematically normal mode ITO models up to a given order, e.g., the sixth order A 1 + E model both in (p, q) and (a + , a) representations. These algebraic transformations are quite involved but straightforward leading finally to 34 466 symmetry allowed terms in (a + , a) representation (53). We were able relating the DMS d parameters as those given in the expansion (50) to the μ {i} 's in Eq. (53) in an exact way, i.e., without any fitting procedure. As a illustration we give the exact expression of some tensor operators as a function of the initial parameters. The μ m x and μ m z components can be cast into the form
with 
IV. AB INITIO ROVIBRATIONAL SPECTRA
A. Energy level calculations
In order to compute vibration-rotation energy levels, we need first to build a basis set by employing the same inner coupling scheme than that of the Hamiltonian (47). The simplest way consists in using direct product of 1D primitive harmonic oscillator functions. The 9D vibrational primitive functions where according to Eq. (46), the symmetry-adapted rotational functions are constructed with the G coefficients. As already suggested in previous works, only a limited set of primitive functions is chosen through the cutoff criterium
with v i = 0, . . . , v max and where κ i are some weight coefficients. The latter ones are defined in a way to optimize the number of stretching and bending basis functions. If all κ i equal to 1, the basis will be simply denoted as F (v max ). Alternative "pruning schemes" for defining basis-sets have been employed for example in Refs. 93-95. An accurate global calculation of methane-type spectra remains a challenge, both in terms of CPU time and computational memory but also for converging high-J rovibrational states on a wide spectral range. In particular, the knowledge and the determination of accurate eigensolutions is of prior importance for predicting reliable line strengths. The main limitations of the normal mode approach are mainly due to (i) the drawbacks of the Taylor expansions for many degrees of freedom with an exponentially growing number of terms and (ii) the high dimensionality of the rovibrational matrices as J increases, even if the molecular symmetry is fully accounted for. In Refs. 25 and 29 we have proposed two ways for minimizing the impacts of (i) and (ii) issues by means of an efficient truncation-compression procedure which aims at optimizing the cost of the computations. This can be summarized as follows:
• Reduction-truncation of the Hamiltonian expansion. For the consistency with previous calculations on methane, the potential part as well the Watson term were first developed up to the order 14 in q while the reciprocal μ tensor was developed up to the order 8. The 8th order expansion of μ proved to be sufficient leading in fact to the maximum 12th power of elementary vibrational operators in the vibrational kinetic energy part πμπ. The effect of the truncation of the μ-expansion on the vibrational energy levels was studied in details for 12 CH 4 in Ref. 25 . The same study was done for 12 CH 3 D with the rms deviation between the contributions of 6th and 8th orders up to 5000 cm −1 less than 10 −3 cm −1 . This is clearly below the accuracy of the PES. At this stage the full EWH H (14) (p, q, J) contains more than 3 400 000 elementary operators requiring a large amount CPU time for the computation of matrix elements. This makes the problem intractable for large basis sets. To get around such difficulties, we have applied the reduction technique described in Ref. 29 in order to transform the initial 14th order EWH to a 6th order reduced Hamiltonian almost without degrading the accuracy. A technically efficient way to implement this reduction is using the (a + , a) representation. The resulting Hamiltonian H (14→6) red (p, q, J) contains 32 461 elementary operators only. The computational demand is thus scaled by 1:100 at this stage. In order to build the reduced ITO form (47) , only the 6th order terms were selected using the second-quantization procedure. The resulting Hamiltonian finally contains 24 048 contributions in the tensor form, scaling down the number of terms in the initial 14th order expansion by a factor 1:140. In addition, this reduction technique based on the construction of creation/annihilation operators helps also avoiding certain problems of unstable behaviors inherent to high order polynomials. This is illustrated in Fig. 2 where A 1 block using the F(8) basis for the 6th, 10th, 14th orders and for the reduced 14th→6th order. Rms deviations (in cm −1 ) are given with respect to H (14) . allows diminishing the polynomial degree and at the same time pushing away the nonphysical feature beyond the dissociation threshold 15 (D e (exp) = 39 500 cm −1 ). Consequently, the use of V (14→6) red allows combining the accuracy of V (14) red at the bottom of the potential well with a better behavior at large nuclear displacements.
Using the basis set (56) and the Wigner-Eckart theorem, the matrix elements are calculated analytically in a very fast way. In Table II , we give the convergence of some selected vibrational energy levels with respect to the Hamiltonian expansions H (6) , H (10) , H (14) , and H (14→6) red using the F(8) basis. Table II clearly shows that the reduced 14 → 6 model is an optimal compromise concerning the ratio Number of terms/Accuracy. This procedure introduces very small errors with respect to the full H (14) calculations (see the three last columns of Table II) .
• Basis set compression. A common challenge in all variational methods for polyatomic molecules is an optimal choice of a limited physically justified subset of vibrational basis functions in order to reduce the cost of calculations. At the same time, one seeks avoiding a loss of accuracy as much as possible. Various techniques of basis truncationcompressions are applied in the literature. 26, 29, 52-64, 96, 97 In order to optimize variational computations of rotation-vibration states, we apply the basis set compression using the vibrational subspace (VSS) approach, which in our implementation can be summarized as follows. Let first solve the pure vibrational stationary Schroedinger equation H v v = E v v using a largest primitive basis set subspace defined by Eq. (57), say F(n) with n = v max , which is feasible using currently available computational facilities. The resulting anharmonic eigenfunctions are obtained and stored as a combination of uncoupled primitive functions denoted as (43)- (49) in the Hamiltonian rapidly increases resulting in a gigantic set of elementary matrix elements i | V (a + , a) | j to compute. Even though these latter ones are calculated analytically, the rovibrational computations for high J values could become excessively demanding in terms of memory and CPU time. In our VSS approach, we compress the basis set in two steps. As a first step we choose a subspace of primitive functions F(r) ⊂ F(n) corresponding to v max = r < n, for which vibration-rotation calculations are feasible. Then the large basis-set vibrational eigenfunctions (n) v ∈ F(n) are projected onto the reduced subspace F(k) and ortho-normalized using a Gram-Schmidt procedure. The resulting set of anharmonic vibrational functions is called reduced coupled basis set {
where P (r) is a projector onto the F(r) subspace and G is the Gram-Schmidt transformation. The second basis compression step is obtained by applying the maximum vibrational energy cutoff E
The resulting set of vectors is used to build the full rovibrational Hamiltonian matrix by forming the direct product
, where I J,C r is the identity matrix in the rotational subspace. The Hamiltonian matrix in the vibrational eigenbasis simply reads
with
where h rv is the rovibrational Hamiltonian matrix built in the initial primitive basis set (56) . We can then reduce our rovibrational calculations using three cut-off criteria: n and r for uncoupled subsets and E max vib for the coupled subset. The vibrational energy calculations E (n) v are ideally converged at n → ∞ that is not of course directly accessible, but one could replace E and all rovibrational matrix elements H rv in Eq. (59) are still directly computed from ab initio PES, but ro-vibrationals eigenvalues and eigenfunctions are better described. This could result then to better predictions of accidental ro-vibrational resonance perturbations in spectra. Alternatively, on could compute better values of E (n) v using isotopic shifts. The reader can find related illustrations in our previous studies 29, 30 devoted to the tetrahedral methane isotopologues 12 CH 4 , 12 CD 4 , and 13 CH 4 . As a simple illustration, we have computed the J = 1, A 1 rotational energy levels for the bands ν 6 (E), ν 2 + ν 6 (E), and ν 4 + 2ν 5 (A 2 ) centered at 1161, 3342, and 5925 cm −1 using the set of eigenvectors {
v ,
}. For these three bands, the errors E = E J =1
are, respectively, {0.0005, 0.0018, 0.0306} whereas the errors for the compressed basis
are {0.0000, 0.0003, 0.0024}. We see that give similar results while the size of the basis is reduced from 45 000 to 2370. In Table III , we give the convergence of the vibrational energy levels as a function of the basis set size. We have considered F (8) , F(9), F (10) , and F κ (12) primitive basis sets. If all κ i = 1, the F(12) basis would require a large amount of memory for storing matrix elements since the size of the E block is ∼100 000. In what follows, we thus fix κ 4 = 1.05 with the normal mode quantum number v 4 belonging to the range v 4 ∈ {0, 1, . . . , 11} and κ i = 1 for all other modes. This choice is motivated by the fact that the ν 4 mode has the highest frequency and only its second overtone have to be converged up to 8000 cm −1 . For each basis, the size N C of the three blocs J = 0 are also specified in this table. CH 3 D band centers given in Table IV correspond 
B. Line strength calculations
The infrared line intensity S ij of a rovibrational transitions ν ij between an initial state i and a final state j for a given temperature T in units [cm −1 /molecule cm −2 ] is given by
where c 2 = hc/k, g C i and E i are the nuclear spin statistical weight and the energy of the lower state and Q(T) is the partition function. The same units are used in the HITRAN spectroscopic line list compilations. For 12 CH 3 D one has g C i = 4 and the partition function taken from HI-TRAN are Q = 4774.9815 at T = 296 K. The terrestrial isotopic abundance of 12 CH 3 D is I 0 = 0.000615751. R ij corresponds to the square of the transition-moment matrix elements
where the summation is over all magnetic sublevels of both initial and final states and are the eigenfunctions of the ro-vibrational Hamiltonian. In Eq. (62), μ s ( = X, Y, Z) are the space-fixed electric dipole moment components and are related to molecule-fixed dipole moment components (53) as
Due to the isotropy of the 3D space, only the Z component is necessary:
V. RESULTS: COMPARISONS WITH THE HITRAN 2012 SPECTROSCOPIC DATABASE
There exist several sources of 12 CH 3 D data essentially based on raw experimental spectra or line-by-line analyses provided from empirical models. [39] [40] [41] [42] [43] [44] [45] 50 Though 12 CH 3 D is of major importance in the determination of the H/D ratios in planetary atmospheres, it has been much less studied than the major isotopologue 12 CH 4 . This is partly because its polyad structure is quite different from that of methane leading to various types of the resonance coupling of vibrational subbands in spectra. For 12 CH 4 there exist a remarkable relation between stretching and bending harmonic frequencies (ω 1 ≈ ω 3 ≈ 2ω 2 ≈ 2ω 4 ) while a similar relation is only partly valid for 12 CH 3 D. For instance, by using Eqs. (16)- (18) the polyad number can be expressed as follows:
According to the harmonic frequencies given in Table I , the polyads thus cover large spectral ranges and the gaps between them are relatively small compared to methane. The very clear polyad structure of methane CH 4 is broken by the isotopic substitution H → D as the frequency of the heavy C-D bond goes down with respect to the light C-H bonds. This leads to an overlapping of "classical" polyads and to a different scheme of resonance couplings. For high energy ranges vibrational levels fill all spectral regions and the definition of polyad is ambiguous. Note that the polyad scheme (64) is well adapted for building so-called effective Hamiltonians. However, it was shown in Tetradecad of methane have to be included in the Enneadecad to take into account more resonance terms in effective Hamiltonian models. This issue will be discussed in a forthcoming paper. For this work, the major advantage of global variational calculations combined with a symmetry-adapted model is that all interacting terms are inherently considered. They are essential to correctly model intensity transfers due to accidental resonances. For the calculation of the energy levels, we proceed exactly in the same manner as for our previous works on methane. As the size the basis set rapidly increases with J, the rovibrational problem is partitioned into three parts. Starting from the reduction of J = 0 eigenfunctions
, the rovibrational calculations were carried out with r = 7 for 1 ≤ J ≤ 6, with r = 6 for 7 ≤ J ≤ 15 and with r = 5 for 16 ≤ J ≤ 15. The vibrational energy cut-off energy E max vib was applied to choose approximately 80% of the eigenvectors during the VSS process. This corresponds to E max vib = 12 400 cm −1 , 10 750 cm −1 , and 9200 cm −1 for these three ranges of quantum numbers. The largest bloc to be diagonalized in this work corresponds to (J, C) = (15, E) with the (12 → 6) eigenfunction reduction. Its size is 51 715 that reduced to 41 042 when applying the VSS procedure.
To validate our results both for positions and intensities, all present calculations were compared to the last release of HITRAN2012 database 46 at T = 296 K. This HITRAN list is essentially a compilation of lines which come from (i) spectroscopic analyses using empirically-fitted effective models (<4500 cm −1 ) and (ii) the WKLMC 49 experimental line list (>6000 cm −1 ). In the first case, the included lines are fully assigned. In the second case, only some lower state energies obtained from the two-temperature method relaying on an extraction of the Boltzmann factor from measured line strengths have been provided. Before making direct comparisons we have first studied the convergence of line intensities with respect to the truncation order of the power series (35) . This latter expansion is used for converting the T d methane dipole moment expansion (50) into forms (52) and (53) adapted to 12 CH 3 D. The convergence is well illustrated by Fig. 3 in the 2ν 3 (A 1 ) region where the first order rectilinear approximation in normal coordinate transformations, Eq. (35) , and the fourth order one are considered. We clearly see that keeping only linear terms in Eq. (35) is not sufficient to obtain accurate results in this region while the fourth order expansion gives a good agreement. In a general manner our calculations suggested that the second order expansion in (35) was sufficient and gave results similar to that obtained from order 4, at least for the spectral range considered in this work and for medium and strong lines. But to keep security margins in our calculations, the power series (35) was truncated at the fourth order in q transforma- tions during this work. Fig. 4 gives a bird's-eyes overview of the absorption 12 CH 3 D spectra up to 8000 cm −1 in log scale. It shows a very good qualitative agreement between our variational calculations and HITRAN2012 46 for the subset of lines present both in theoretical and in empiricallyderived lists. It is seen that our list contains much more information above 4500 cm −1 . This missing information is expected to be crucial for the quantitative modeling of various planetary atmospheres. Our final room-temperature line list in the range [0-8000] cm −1 contains over 2 × 10 6 lines calculated at J max = 25 up to a lower state energy E low of 4000 cm −1 and with a intensity cutoff of I 0 ×10 −27 cm/mol. Up to the Enneadecad region (<5000 cm −1 ), our list contains 987 000 lines composed of 272 000 cold band and 715 000 hot band transitions, for this latter case essentially for TriadTriad and Nonad-Triad-type transitions. Figs. 5-8 show an absorption spectra in comparison with HITRAN in the Triad, Nonad, and Enneadecad regions while Fig. 9 gives a comparison of low resolution spectra in the 3ν 2 region. In particular, Fig. 6 shows that the HITRAN database is not complete and that much more line-by-line analyses are necessary to fill empty regions. We hope that this work would help resolving this issue by providing a complete set of missing information for room-and cold-T conditions. The complete line list of 12 CH 3 D up to 5000 cm −1 with a intensity cutoff of I 0 ×10 −25 cm/mol and composed of ∼180 000 transitions is provided in the supplementary materials.
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VI. CONCLUSION
In this work we have presented global calculations for 12 CH 3 D based on (i) accurate ab initio calculations, (ii) symmetry and coordinate transformations, and (iii) a systematic theoretical procedure for solving the nuclear motion problem. For the very first time for a penta-atomic symmetric-top molecule, ab initio predictions are in excellent quantitative agreement with the HITRAN database in the range corresponding to line-by-line analyses. Moreover global predictions can provide complementary information to existing databases in the regions above 4500 cm −1 where few studies exist. This could certainly help resolving many issues related to assignments of observed spectra. To conclude, this work is a big step forward to build future low, medium, and hot temperature synthetic line lists which will be important for modelling, for example, the Titan's atmosphere or the opacity in atmospheres of exoplanets.
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APPENDIX: T d ↔ C 3v AXIS SWITCHING FOR CH
The symmetry coordinates are also transformed as S
T d
= US C 3v or more explicitly as 
So the PES for methane can be expressed in terms of C 3v symmetry coordinates when dealing with XY 3 Z isotopologues. According to the relation (13) we can also derive a very useful relation,
where X can be, for example, the vectors q, a or a + . The "q" index means that we work with dimensionless coordinates that is [S ( ) ] rect = L( ) . As a simple application, for XY 4
